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For two opposite-phase waves of unit amplitude inci-
dent on arms 1 and 4, the reflected waves for the odd
mode are

blo = - béu = Sllo
bgo i b‘.’,n = SlZo-

(46)
(47)

Adding the even and odd modes together, we have the
resultant incident and reflected waves

a; = 2 (48)
by = bie + b1o = Si1e + S1ne (49)
bz = bfz‘ "|’" bgu = Sme - Smo (50)
bs = by + bz, = S1o0 + St (51)
by = bso + bio = S11c — Sito (52)
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Similarly, for waves incident on arms 2 and 3, we have
for the resultant incident and reflected waves

as = 2 (53)
by = S12e + Stz (54)
by = Sase — S (55)
by = Sa2e + Sz (56)
by = Size — St (57)
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A Coupled Strip-Line Configuration Using
Printed-Circuit Construction that Allows
Very Close Coupling’

WILLIAM J. GETSINGERY, MEMBER, IRE

Summary-—A new strrip-line configuration is presented, appli-
cable to printed-circuit construction, that allows very close coupling
to be achieved without esorting to very small coupling gaps and
excessively critical dimensions. Graphs of even- and odd-mode
fringing capacitances are given. These graphs can be used with
simple formulas, which also are given, to determine the dimensions
of the configuration that will give specified even- and odd-mode
characteristic impedances or shunt capacitances.

The usefulness of the graphs and formulas was dernonstrated by
using them to design 3-db backward-couplers. The performance of
the couplers in this new configuration was typical of similar couplers
made in more conventional configurations, as expected. However,
the devices shown have an advantage in that they can be manu-
factured by relatively inexpensive and rapid printed-circuit methods
and, since the region between the conductors is solid dielectric,
they are unusually rugged.

I. GENERAL

N working with shielded strip-line, the need for
I[ closely coupled strips arises in designing 3-db
couplers [1] and broad-band filters [2], [3]. The
typical printed-circuit coupled strip-line configuration
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N. I., as part of Contract DA 36-039 SC-74862, Sub-Task 3-26-01-
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consists of two slabs of dielectric sandwiched between
parallel ground planes. One of the slabs has two paral-
lel copper strips printed on it. Coupling is achieved by
bringing adjacent edges of the two strips close enough
to cause appreciable capacitance to exist between the
strips. Very close coupling requires that the strips be
brought very near each other. For the 3-db coupler, and
even more for very broad-band parallel-coupled filters,
the spacing between strips becomes too small to be made
accurately using practical construction techniques be-
cause the allowable tolerance on the spacing decreases
as the spacing decreases. Thus, there is a practical limit
to the inter-strip capacitance that can be achieved with
edge-coupled thin strips.

One solution to this problem has been to orient the
coupled strips face-to-face and perpendicular to the
ground planes. While this achieves large inter-strip ca-
pacitance, it is not always a desirable configuration, be-
cause it is difficult to build and it does not interconnect
easily with more conventional strip-line circuits in
which the strip is parallel to the ground planes. Also,
current tends to concentrate at the thin edges of the
strips in this construction, causing higher losses.

It is also possible to use thick bars for strips in order
to achieve sufficient inter-strip capacitance, but this
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possibility precludes the use of printed-circuit materials
and techniques.

II. ProrosED CONFIGURATION

A cross section of coupled strip-lines using the pro-
posed construction is shown in Fig. 1. The two strips
denoted by ¢ are tied together at the ends of the micro-
wave component in which they are used, while in the
coupling region, strips ¢ overlap the strip denoted by a
Thus, strips ¢ form a single transmission line coupled to
the transmission line formed by strip a. Large coupling
between these two lines is achieved by using the paral-
lel-plate capacitance caused by the overlapping. This
configuration uses thin strips parallel to the ground
planes, and thus is amenable to the use of printed-cir-
cuit techniques and materials. It connects easily with
conventional strip-line circuits, and does not require
critical tolerances. This construction will be denoted by
the term interleaving.

A T AR R

SO N

Fig. 1—Proposed strip-line configuration.

It is necessary to use a symmetrical construction with
respect to the ground planes, requiring two outer cen-
ter-strips for one line, in order to prevent radiation into
a parallel-plate mode between the ground planes.

I1I. TEcHNICAL DESCRIPTION

The characteristic impedance, Z,, of a lossless uni-
form transmission line operating in the TEM mode is
related to its shunt capacitance by:

Zo\/;= ohms (1)

n
(C/e
where

Ve is the relative dielectric constant of the medium

in which the wave travels
n is the impedance of {ree space=2376.7 ohms per

square

C/e is the ratio of the static capacitance per unit
length between conductors to the permittivity
(in the same units) of the dielectric medium. This
ratio is independent of the dielectric constant.

The even- and odd-mode impedances of coupled TEM
lines [4], [5] can be found by substituting even- and
odd-mode capacitances of the lines into (1).

A generalized schematic diagram of shielded coupled-
strip transmission line is shown in Fig. 2. The circles
represent the coupled conductors. The capacitance to
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ground for a single conductor when both conductors are
at the same potential is C,,, the even-mode capacitance.
The capacitance to ground when the two conductors are
oppositely charged with respect to ground is C,, the
odd-mode capacitance. It is assumed that the physical
arrangement is such that the even-mode capacitances
of the two conductors are the same, thus implying that
the odd-mode capcitances are also the same. This paper
relates these capacitances to the physical dimensions of
the strips.

8C-31Co0m WQ

Fig. 2—Generalized schematic diagram.
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Fig. 3—Capacitances and dimension of proposed
strip-line configuration.

The structure of Fig. 1 is composed of parallel planar
surfaces. This makes it practical to consider the total
capacitance of a given strip to be composed of parallel-
plane capacitances plus appropriate fringing capaci-
tances. (Fringing capacitances take into account the
distortion of the field lines in the vicinity of the edges
of the plane strips.) Fig. 3 relates the various capaci-
tances to the geometry of the structure under consider-
ation. Two diagrams are shown to clarify the definitions
for strip a inserted in and withdrawn from strips ¢. All
capacitances are defined on the basis of unit depth into
the paper. The parallel-plane capacitances to one
ground plane are given by:

Cuwp 20
= — 2
T (2)
C. 2/b
":0—/. (3)
€ 1—g/b

Capacitance AC, between the center strips, has been
plotted as a function of g/b and d/¢g in Fig. 4. The fring-
ing capacitances were found by conformal mapping
techniques. The derivations are given in the Appendix.
Graphs of the fringing capacitances as functions of g/b
and d/g are given in Figs. 5-9. Notice that the parallel-
plate and fringing capcitances are defined to apply from
one side of the center line to the nearest ground plane,
as shown in Fig. 3.
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The total even-mode capacitance for either strip is
given by the sum of all of the capacitances to ground
associated with that strip when operating in the even
mode:

Coo = 2[Co 4+ C/ + Cup) = 2[Ced + Co’ + Cep]. (4)

Eq. (4) imposes the condition that the even-mode ca-
pacitances be the same for the two transmission lines.
Similarly,

Coo = Z[Cao, + Cf, + Cap] = Z[Cco, _I_ Cceo/ + Ccp]- (5)

When the strips are operating in the odd mode, they
are oppositely charged, one positive and one negative,
and thus a surface of zero potential exists somewhere be-
tween them. The odd-mode fringing capacitances in-
clude the capacitance (AC) to this wall of zero potential,
as well as the capacitances to the actual ground plane.

When identical even-mode capacitances have been
imposed on the two lines, it can be shown that the odd-
mode capacitances are also the same. Subtraction of (4)
from (5) gives

Coo - COE = Z(Cao/ - Cae/) = 2(Cco/ - Cce/)- (6)

The total capacitance between the two lines is denoted
AC and is given by

AC = (1/2)(Coo — Coe). (M

This follows from consideration of the definitions of
even- and odd-mode capacitances, as indicated on Fig,
2. The quantity AC/e is given as a function of d/g and
g/b in Fig. 4. The capacitance C, is the same as C...” at
2/b=0, and its value is given by

Cy
L= 0.441. (8)
€
Through the use of the above relations and figures, it is
possible to relate physical dimensions of the given con-
figuration to even- and odd-mode capacitances or im-
pedances.

I1V. Use or THE GRAPHS

Usually an engineer has already determined values of
even- and odd-mode impedances, Z,. and Z,, or even-
and odd-mode capacitances, C,. and C,,, and wishes to
determine the corresponding physical parameters. A
simple procedure accomplishes this. Eq. (7) can be

Wwritten
CGO CO 14
— . 9)

€ €

o

Using (1) gives

7 1 1
e (1o 1)
2\/ €, Zoo Zoe

Values of b and g are selected, and then used with the
value of AC/e found by (9) or (10) to determine d/g
directly from the graph of Fig. 4. Next, having deter-

(10)
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mined (/¢ from Z,, and (1), it is possible to find
C.'/e and C,.'/e from Figs. 5 and 6. These quantities
are substituted in (11) to give ¢/b:

1—g/bT 1
/b = — ~2—C,,e/e — Codfe — Col' /el | (11)
Finally, C,. /¢ is found from Fig. 8 and substituted in
(12) to give a/b.

a/b = 3[3Coc/c —

Thus, all the physical dimensions are determined. These
formulas are accurate for a/b>0.35 and (¢/b)/(1 —g/b)
>0.35. For narrower widths, simple corrections are pos-
sible which will be given in the next section.

Egs. (11) and (12), used to determine ¢/b and a/b,
were derived from (4) and use no odd-mode capaci-
tances. Similar equations for determining /b and ¢/b
could have been derived using (5), and then no even-
mode capacitances would have been involved. Both
methods are equally valid. This paper includes graphs
of both even- and odd-mode capacitances for complete-
ness and for possible applications in which one mode
may be of greater interest than another, although onlv
the even-mode graphs, Figs. 6 and 8 will be used in the
examples to follow.

In a specific device, the feeding lines connected to the
coupled region may be constructed of single and dual
strips in isolation from each other. The characteristic
impedance of a single thin strip between parallel ground
planes [6] is either the even- or odd-mode characteristic
impedance of strip @ when widely separated from strips
c. Adding the fringing capacitances from the edges of a
thin strip [see (8)] to the parallel plate capacitances
from its surfaces [see (2)], and then substituting in (1)
gives the following formula for the relative strip width
a/b, in terms of the characteristic impedance Z,, for an
isolated single strip between parallel ground planes:

Cuo/e — 0.441]. (12)

? — — 0.441

4Zos\/ €y (13)

a/b =
for a/b>0.35.
Similarly, for thin dual strips between parallel
ground planes, the fringing capacitances (Fig. 5) are
added to the parallel plate capacitances (3) and substi-
tuted in (1) to vield

n y
¢/b = (1 — g/b) (m— Cm/€>

for (¢/b)/(1—g/b)>0.35, as the relation between rela-
tive strip width ¢/b, and the characteristic impedance,
Z,q. Corrections for narrow strips will be given in the
next section.

(14

V. CONSIDERATIONS OF ACCURACY

If the strip widths ¢ and ¢ are allowed to become too
small, then there is interaction of the fringing fields
from the two edges, and the decomposition of total ca-
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pacitance into parallel-plane capacitance and fringing
capacitances (which are based on infinite strip widths),
no longer is accurate. Cohn [1],[6]shows that for asingle
strip centered between parallel planes, the error in total
capacitance from this cause is about 1.24 per cent for
w/(b—1) =0.35, where w is the width of the strip, ¢ is
its thickness, and b is again the ground-plane spacing.
If maximum error in total capacitance of approximately
this magnitude is allowed, then it is necessary that
a/b>0.35and [(c/b)/(1—g/b)]>0.35.

Should these inequalities be too restricting, it is pos-
sible to male approximate corrections based on increas-
ing the parallel-plate capacitance to compensate for the
loss of fringing capacitance due to interaction of {ring-
ing fields. If an initial value, @,/ is found to be less than
0.35, a new value, as/b can be used, where

a:/'b = (0.07 + a./8)/1.20 (15)
provided 0.1<ay/b<0.35. A similar formula for cor-
recting an initial value ¢/b, gives a new value, ¢3/b
as

c2/b = [0.07(1 — g/b) + ¢,/b]/1.20 (16)
provided g/b is fairly small and 0.1<(cs/B)/(1—g/b)
<0.35. These formulas are based on a linear approxi-
mation to the exact fringing capacitance of a single thin
strip for a width to plate-spacing ratio between 0.1 and
0.35. As the relative strip width becomes narrower than
0.35, the fringing capacitance, defined as total capaci-
tance less parallel plate capacitance, decreases from the
value (' or C. used in the derivations and graphs.
The total capacitance is given by substituting into (1)
the exact thin-strip formula for Z, given in [6]. Eqgs.
(15) and (16) add sufficient parallel-plate capacitance
to compensate for the loss of fringing capacitance. The
loss of fringing is assumed to vary linearly below a rela-
tive width of 0.35, and it is also assumed that C.,’ de-
creases by the same amount as does C,. Although the
formulas are analytically only approximate for coupled
strips, they are sufficiently accurate for practical use be-
cause they do no more than give a small correction to
a quantity that is reasonably close to the exact value.
They can be used with both isolated and coupled strips.

The discontinuity in the slope of C,//e in Iig. 8 at
d/g=0 is not a physical phenomenon, but is a mathe-
matical result of considering dimension ¢ to extend to
the edge of strips ¢ for positive d, while for negative d,
dimension a extends to the edge of strip @, as shown in
Fig. 3. The only practical effect of this situation is that
the width of strip ¢ is equal to dimension a when 4 is
negative, but when d is positive the width of strip ¢ is
equal to the sum of dimensions ¢ and d. This is shown
clearly in Fig. 3.

In deriving the fringing capacitance, one of the as-
sumptions made was that the strip was infinitely thin.
I[nvestigation of a graph given by Cohn [1], [6] shows
that the fringing capacitance, Cy'/¢ from a strip centered
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between parallel ground planes increases by about 2
per cent for a 1 per cent increase in the ratio of strip
thickness to plate spacing, for a very thin strip. Fring-
ing capacitance is usually only part of the total capaci-
tance involved in a strip-line circuit, so that for many
situations, a strip no thicker than 1 or 2 per cent of the
associated parallel-plate separation can be considered
thin without serious error.

The derivations for the fringing capacitances are ex-
act for infinitely thin strips with dimension a (see Fig.
3) extending infinitely far to the right while dimension
¢ extends infinitely far to the left. The computed values
from which the curves were plotted were accurate to
three places after the decimal, although the curves
themselves cannot be relied on to be closer than about
+5 in the third significant figure, as plotted.

For insertion of the strip ¢ between strips ¢ beyond
the maximum plotted, d/g=1.0, the even-mode values
Co’/e and C.//e do not change from their values at
d/g=1.0, while AC/e and the odd-mode values C,, /e
and C.'/e, can be found simply by adding 4(d/g—1) to
their values at d/g=1. For spacing between strips ¢
greater than g/b=0.5, or for a separation d/g< —2.0,
probably some different strip-line construction would
be more suitable.

Finally, it should be noted that if these curves pre-
dict a value of d positive and approximately equal to
or greater than ¢, the result is not valid. When strip «
protrudes all the way between strips ¢ in this manner, it
merely means that too great a value of g/b was selected
to realize the odd-mode capacitance. This restriction
may be expressed mathematically by requiring that
d <c—(g/2). If this condition is not met for a desired
set of capacitances, then it is necessary to make g/b
smaller and determine new dimensions.

VI. APPLICATIONS

The graphs and procedures described above have
been used to design strip-line 3-db couplers [1], [5].

A 3-db coupler was designed to have an input im-
pedance of 50 ohms. Fig. 10 shows pertinent details of
its construction. The dielectric material used, Rexolite
#2200, has a published dielectric constant of 2.77. This
material is commercially available with sheets of 0.001-
inch copper bonded to the sides.

A center-frequency coupling value of —2.8 db, rather
than —3.0 db, was chosen to allow for an expected de-
crease in coupling at frequencies away from the center
frequency. Use of the formulas of [1] or [5] gave
values of 125.15 ohms for Z,, and 19.95 ohms for Z,,.
Substitution of these values in (1) gave C,./e=1.81 and
Coo/€=11.34. Using the laminate thicknesses shown on
Fig. 10, it was found that g/b=0.0964. Eq. (9) and Fig.
4 showed the required value of d/g to be 0.445. Then,
use of the procedure described in the preceding section,
including Egs. (11) and (12), gave a/b=0.284 and
¢/b=0.107. (In the coupler constructed, a value of
0.097 was used for ¢/b because Fig. 5 had not been pre-
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pared, and an approximate method was used to find
C.'/e.) The coupler was made one-quarter wavelength
long in the dielectric at the center frequency of 200 Mc.

Performance curves for this coupler are shown in
Fig. 11. The behavior of the coupler is typical of 3-db
backward couplers made in other configurations.

A second 3-db coupler was made on another project
for parametric amplifier work. This coupler was de-
signed to have a center frequency of 1000 Mc. In this
design the strip widths were widened in accordance with
(15) and (16) for correcting narrow strips. The dimen-
sivns are shown in Fig. 12. The bulk of input reflections
were caused by reactance of the right-angle bends join-
ing the feed lines to the coupling region. The purely
capacitive tuning screws shown were much more effec-
tive in cancelling the reflections than were modifications
of the structure of the bend or tabs on the feed lines at
the bends. The greater effect of the bend reactance as
frequency increases is shown in the performance curves
for this coupler, Fig. 13. Fig. 14 is a photograph of the
coupler.
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Fig. 10—Details of construction of 200-Mc 3-db backward coupler.
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APPENDIX

DERIVATION OF FRINGING CAPACITANCES
A. Preliminary

It is desired to determine the static [ringing capaci-
tances shown on the structure of Fig. 3 by means of con-
formal mapping techniques [7], [8]. This can be done by
subjecting the boundaries of the structure to transfor-
mations under which capacitance is invariant, and that
lead to a new structure for which capacitance is known.
Subtraction of parallel-plate capacitances of the original
structure from the total capacitance then leaves the
fringing capacitances. The analysis will be limited to
structures in which strips ¢ and ¢ are so wide that inter-
action between {ringing fields of the two edges of a
single strip are negligible. As discussed in Section V,
this requires that the approximate relations a/5>0.35
and [(¢/b)/(1—g/b)>0.35] be held. Under these con-
ditions it is possible to let strip ¢ extend infinitely far
to the left, and strip ¢ infinitely far to the right without
disturbing the fringing fields appreciably in the region
where the two strips interact. Also, the electric fleld can
lie parallel to the horizontal center line where no con-
ductor exists, but cannot cross it because of the sym-
metry of the structure, assuming the two conducting
strips ¢ are always at the same potential with respect to
each other. Therefore a magnetic wall can be placed
along the center line extending infinitely far to the left
from the left edge of strip a. These modifications allow
analysis of only half of the total symmetrical structure,
as show1 in Fig. 15(a). The mathematical model is
shown ir Fig. 15(b). Conductors are indicated by solid
lines, and the magnetic wall is indicated by a dashed

STRIP a
T % STRIP C ’
blz —»{ d '«——
(a)
ty
________ . 5;'//1(7’) 6
B FTi-a) ¢
0y “z(a)
» @
z- PLANE
(b)
4 ¢ a

MAGNETIC WALL
FOR EVEN MODE

[
ELECTRIC WALL

0 FOR ODD MODE I

()

Fig. 15—Cross section of proposed configuration on z plane.
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line. The upper-case script letters of Fig. 15(b) denote
pertinent points of the structure and will serve as refer-
ences when transformations to different complex planes
are made. The values chosen for the various points on
the 2z plane will prove convenient under transformation.

The analysis consists essentially in transforming the
contours of the structure on the z plane into a parallel-
plate representation on the w plane, where capacitance
can be computed directly. This procedure is compli-
cated by having three conductors while only two are
desired for a parallel-plate representation. This compli-
cation will be resolved by showing that there exists a
surface of zero potential, which can be replaced by an
electric wall, running between the conducting strips for
the odd mode, and that this same surface can be treated
as a magnetic wall for the even mode. Fig. 15(c) shows
the wall running between points ¢, a saddle-point, and
3¢, following some curve whose exact shape is unknown.
A subscquent transformation will rectify this curve,
dividing the structure into two parts, each of which has
only two conductors and can be further analyzed sepa-
rately.

As a first step, the interior of the polygon @BCDH R’
will be mapped onto the upper half of a z plane as
shown in Fig. 16(a). The mapping is given by Kober
[9] as

1 — « 14+«

1 — 1
n (z; ) 5

In (z1 + 1). a7

g =

The points noted on the z plane are related to points on
the real axis of the z plane by
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Fig. 16—Intermediate transformations from s plane.
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0) =i—(1—a)
3( ——12 «
_ 1+
2(a) = 2“1n(1—a)+ zaln(l—l—a)
+il @
1?( — a)
1— 1+
2(n) = 2“1n<1+n)+ 2“1n<n—1>+fﬂ. (18)
Notice that
7> 1.0
—1.0 < a <10 (19)

The small circle at point ® indicates an infinitely small
gap at that point, such that the conductors on either
side may be at different potentials. Point © is removed
to — « under the next transformation, which is to a
22 plane. This transformation will place points ® and
& equidistant from the vy, axis, as shown in Fig. 16(b).
The transformation is

g1=14+ 20 + 1) e=

The source of this transformation, as with most trans-
formations used in this chapter, is a combination of ex-
perience and the use of references [7]-[10]. However, al-
though the derivations of the transformations may not
be obvious, they may be checked at points of interest
simply by substituting values of the independent vari-
able and observing that the transformation gives the
correct result for the dependent variable.

The structure on the z; plane will now be related to
the given structure. The conductor between @’ and D
corresponds to the ground plane on the given structure.
The conductor between @ and § corresponds to strip a
in the given structure, and the conductor between ®
and D corresponds to one of the strips ¢ in the given
structure. The z; plane structure is symmetrical about
the y, axis. Under even-mode excitation both conduct-
ing strips @ and ¢ are at the same potential, and thus no
electric field lines cross the y» axis. Therefore, a mag-
netic wall can be placed along the y; axis and left and
right halves may be analyzed separately. Under odd-
mode excitation the conducting strips ¢ and ¢ are op-
positely charged with respect to the ground plane, and
thus all electric field lines crossing the v, axis must cross
normal to that axis to preserve symmetry. Therefore,
an electric wall at zero potential may be placed along
the ¥, axis and left or right half only need be analyzed.
Notice that script letters 3¢ and ¢ have been assigned
to the end points of the line of symmetry. By means of
the transformation

(20)

%z = arc cosh g;

(21)
the interior of the polygon Q93C@’ goes into the upper
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half of the z; plane, and the polygon §D3C goes into the
lower half of the z; plane, as shown in Fig. 16(c). Only
that portion of the x; axis between J and 3 is common
to both upper and lower half-planes, and for this reason
the x; axis is shown split beyond 3¢ and 4. The solid
line (conductor) between 3C and 4 is to be used for odd-
mode analysis, while the dashed line (magnetic wall) is
to be used for even-mode analysis.

On the 2; plane 3 and g fall at +1.0 and —1.0, as can
be determined by subsituting the known values of 3¢
and 9 on the 2, plane into (21). In order to find z(®) it
is necessary to work from the z; plane, where Kober
[9] shows that z;(®) = —1.0. Then, by successive sub-
stitution and manipulation of (20) and (21), it is found
that

2 vﬂﬁrﬂ] - @

w®) = -+ [\/2@7 TRET L

where —£ is the value of 5;(®) on the z; plane. Notice
that

£> 1.0 (23)

By the symmetry of the 2, plane with respect to the
imaginary axis and the nature of the transformation

(21),

23(8) = 23(63) = — E (24)

although it should be noted that & and ® are on oppo-
site sides of a branch cut on the g plane.

B. Odd-Mode Fringing Capacitance—Strip a

Now consider the odd mode, and investigate the fring-
ing capacitance of strip @, which is associated with
point &. The upper half of the z; plane is transformed to
a parallel plate region on the w; plane by

2= (H[E — 1) cosh mwy — (¢ + 1)]

as shown on Fig. 17(a).

The total capacitance on the w; plane is parallel-
plate capacitance. The amount of capacitance per unit
permittivity between the wi-plane origin and some loca-
tion ;>0 is equal to uy, for unit depth into the paper,
because there is unit spacing between the conducting
planes. This is the odd-mode capacitance to one
ground plane from strip a. The corresponding capaci-
tance for strip ¢ on the z plane is the fringing capaci-
tance from the vicinity of & plus the parallel-plate ca-
pacitance, which will be defined as the amount of paral-
lel-plate capacitance from strip ¢ to ground, measured
between z(a) (Edge €) and the mapping of #; men-
tioned above onto the z plane. Mathematically, the
z-plane parallel-plate capacitance, relevant to some
value #; on the w; plane, has the value (1/7)Re|[s(u,)
—z(e) |, as can be deduced from Fig. 15(b). Alterna-
tively this defines the fringing capacitance in the odd

(25)
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mode from strip @ to one ground plane as the difference
between the total capacitance to some value #; on the
w; plane and the parallel-plate capcitance out to the
mapping of u; on the 2 plane, as i; approaches infinity.
This odd-mode fringing capacitance from strip o will
be denoted by C.//e. From the above discussion,

/

C.o//e = lim

U= o

{m — Re —;— [2(u1) — z(a)]} . (26)

From a physical point of view, this definition of parallel-
plane capacitance assumes that strips ¢ and ¢ alwayvs
overlap. Mathematically, the definition of parallel-
plane capacitance is wholly arbitrary, so that this phys-
ical defect in definition need not be ameliorated until
the mathematical derivation is complete. When the
proper substitutions have been made in (26), allow-
ing the approach to the limit to take place, sufficient
manipulation gives the final expression for C. /e as

n®+d)—2V%m+D].(N)

_,l

1
C‘uo’/€ = Re _[Z(Ol) — 1

™

C. Odd-Mode Fringing Capacttance—Strip ¢

Strip ¢ is associated with points ®&eD. Eq. (21)
mapped the polygon DICIRD of the z; plane onto the
lower half of the z; plane (Fig. 16). The lower half of
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the 2; plane is next mapped onto the w, plane by means
of the transformation

25 = — 3[(E+ 1) + (& — 1) cosh mws).
Assuming unit depth into the paper, the total capaci-
tance per unit permittivity as a function of u, is equal to

#s. The parallel-plate capacitance to the adjacent
ground plane of one of the strips ¢ may- be defined as

Relz(a) — 2(us)] ,
(r/2)(1 — &)

(28)

from Fig. 15, in a manner similar to that defined for
strip ¢. The difference between total capacitance and
parallel-plate capacitance, relevant to some value of u.
approaching infinity, is the odd-mode fringing capaci-
tance of strip ¢, and will be denoted by C.'/e. There-
fore, irom the above discussion,

lim {ug — Re Mz)—h .
T (/21 — a)f

Again, substitution, passing to the limit, and manipu-
lation yields the final result.

Co fe = (29)

8(n + 1)
m+3) —2v20 + 1)

2
P z(a)]. (30)

A
Ceo' /€ == Re—[1 In2 4 In

™ -«

D. Even-Mode Fringing Capacitance-Strip a

In analyzing the even mode, the two strips, ¢ and ¢
are at the same potential, as previously discussed, and
the plane 93¢ may be considered as a magnetic wall.
For strip a, associated with point &, the transformation
from the upper half of the z; plane, Fig. 15(c) to a w;
plane, Fig. 16(c), is

g5 = (1/2)[(€ + 1) cosh mw; — (& — 1)].

The definition and discussion of parallel-plate capaci-
tance for strip ¢ given in connection with odd-mode ca-
pacitance holds for this case also. The even-mode fring-
ing capacitance is given by the difference between total
capacitance and parallel-plate capacitance, so that by
analogy with (26), the even-mode fringing capacitance
for strip a is

Cud/e = lim {u; — Re (1/m)[2(u5) — 2(e)]}.

%, —> 0

Sy

(32)

The substitutions and manipulations are much like
those used to find C,'/e. The result is

3 220+ 1)
Cud/e = Re—l—[z(a) PG s ;/2(’7+ )] (33)

E. Even-Mode Fringing Capacitance—Sirip ¢

The same reasoning and procedure may be used in
finding the even-mode {ringing capacitance from strip
¢ as were used for the other three fringing capacitances
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and, in fact, this was done in the original work on this
problem. However, only three capacitances are re-
quired to describe a parallel coupled TEM structure, as
in Fig. 2, and this indicates the possibility that if three
fringing capacitances are known, the fourth may be
related to them by a function which is independent of
the geometry of the structure. This geometry-independ-
ent function, applicable to any parallel-coupled TEM
structure that can be represented schematically by
Fig. 2, is given by (6), which upon manipulation may
be written as

Cetl/e = Coh/fe — Cuo’Je + Colfe = Cot'Je — AC/e,  (34)

using (7) for the definition of AC/e. Thus, the unkown
fringing capacitance, C.//e, can be written as a linear
combination of the other three fringing capacitances.
Substitution of (27), (30), and (33) into (34) vyields

1Tl4« 2
Cell/e = Re—[ In 2 1

T — — «

%(a)

In 8n + L} (35)
(n+3)+2v2(n+ 1)

This result agrees with that found for C.'/e directly
from the mapping.

F. Definition of Parallel-Plate Capacitance of Strip a

In mathematically determining the fringing capaci-
tances for the centered center-strip, strip @, the equiva-
lent parallel-plate capacitor on the z plane, Fig. 15, is
extended to the right from z(«) for all cases. In consid-
ering the physics of the situation, it is apparent that a
more realistic definition would have the parallel-plate
capacitance for strip ¢ computed from the edge of strip
a, z(n), except when strip ¢ is shielded by strip ¢, and
then the parallel-plate capacitance would be computed
from the edge of the shielding strip ¢ at z(«). In order for
the plotted curves to agree with this physical definition,
it was necessary to add a parallel-plate capacitance to
computed wvalues of C,//e and C,.//e. This parallel-
plate capacitance was added only when z(n) > 2(«), and
simply replaced that subtracted in the derivation.
The value added to C,'/e¢ and C,.//e was equal to
[z2(9) —2(a) ] /. In terms of dimensions, this addi-
tional capacitance per unit permittivity can be ex-
pressed as I 2d/b| for d <0. The plotted curves for strip
a, Figs. 8 and 9, incorporate this term.

G. Derivation of C.'/e€

The fringing capacitance C,,’/e is that from the edge
of a strip located between a parallel magnetic wall and
a parallel electric wall, as indicated on the graph, Fig. 5.
It can be specified mathematically as

Coo/ /e = lim C,'/e or C,'/e.

—y -

(36)

From Fig. 15 it can be seen that z(y)—« as d—— =,
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and on Fig. 16(a) this corresponds to p— . Thus,
using (30),

171+
Cou'/e = lim Re—I: “In2

N—ow 11—«
8(n+ 1) 2 ]
] - 2(a 37
T avan kD 1—a ] G

or

11+« 2
Co /e = —L In2+1In8 ~ -~ Re z(a):l. (38)

s - @ — &

The real part of 2(«) is given in (18), and from Fig. 15, «

is found to be related to g/b by
a=2¢/b— 1. (39)

Thus, C.o’/€ can be expressed in terms of g/b by
1

Coo' /€ = —~li2 In2—1In(1—g/b)
T

_ 8
1 —g/b

This is plotted in Fig. 5. The fringing capacitance
C;' /e is the value of C..'/e for g/b=0, and is

In g/b]. (40)

2
C//e =—1n2 = 0.4413. (41)
™
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